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Abstract— Reactive synthesis is a framework for modeling
and automatically synthesizing strategies in robotics, typically
through computing a winning strategy in a 2-player game
between the robot and the environment. Winning strategies,
however, do not always exist, even in some simple cases. In such
situations, it is still desirable for the robot to attempt its task
rather than ‘“giving up”. In this work, we explore the notion
of admissibility to define strategies beyond winning, tailored
specifically for robotic systems. We introduce an ordering of
admissible strategies and define admissibly rational strategies,
which aim to be winning and cooperative when possible, and non-
violating and hopeful when necessary. We present an efficient
synthesis algorithm and demonstrate that admissibly rational
strategies produce desirable behaviors through case studies.

I. INTRODUCTION

Reactive synthesis in robotics is the problem of automat-
ically generating strategies for robotic systems to interact
with a dynamic environment with the purpose of achieving a
complex task expressed in a formal language. Its applications
span various domains, from human-robot interaction [1]—
[3] to autonomous navigation [4], [5], where robots face
uncertainty and adversarial conditions. The interaction is
modeled as a game between the robot and the environment,
and the goal is to find a winning strategy for the robot which
guarantees task achievement, regardless of the environment’s
actions. However, in complex scenarios, such strategies may
not always exist, leading to robot’s inability to take actions
strategically. To address this, the concept of best effort [6] was
introduced but appears too optimistic for robotics. Another
approach, admissibility [7], [8], relaxes winning strategies,
but existing work assumes rationality and known objectives
for the environment, which is unrealistic for robotics. In this
work, we aim to use the concept of admissibility to define
strategies beyond winning, tailored specifically for robotic
systems, and develop a reactive synthesis algorithm.

Consider the manipulation example in Fig. 1. The abstrac-
tion models a game between a robot (Sys player) and a human
(Env player) interacting with objects in a shared workspace.
The robot’s task is to move a box to a goal location, but
it lacks a winning strategy because the human can always
intervene. Despite this, we still want the robot to make its
best attempt to perform the task rather than giving up, which
is a limitation of existing reactive synthesis methods.

To approach this problem, we draw inspiration from
admissible strategies [7], [8]. These are the strategies that
are not dominated by others based on an ordering, such as
action costs. A desirable property of admissible strategies
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Fig. 1: Manipulation Domain Game [3]: Circle and Square states
belong to the Sys and Env player, respectively.

is that they always exist. However, they are too broad,
leading to large behavioral variations, not all of which are
desirable for a given task. Our key insight is that, given a
robotic task specification in linear temporal logic over finite
traces [9], the objective in the game becomes reachability.
This naturally partitions the state space intro three regions:
winning, pending, and losing. In the winning region, we define
admissible strategies that guarantee task completion while
seeking cooperation. In the pending region, we combine
safety and admissibility to ensure that the task cannot be
violated while trying to reach a goal state. For cases where
violation avoidance cannot be guaranteed, we introduce the
notion of hopeful-admissible strategies, which assume that the
environment player does not always take the worst possible
actions. By integrating these concepts, we construct the notion
of admissibly rational strategies and show that they always
exist. Then, we introduce a polynomial-time algorithm for
synthesis of these strategies. Our experiments demonstrate
that admissibly rational strategies produce desirable behaviors.

In short, our contributions are fourfold. (i) We introduce
admissibly rational strategies for robotic reactive synthesis,
which like admissible strategies, always exist, and unlike
admissible strategies, can be synthesized using fixed-point
based approaches. (ii) We provide a synthesis algorithm that is
sound and complete. (iii) We illustrate the emergent behavior
in two case studies, a robotic manipulation domain and
Tic-Tac-Toe, demonstrating that a robot playing admissibly
rational exemplifies human-like behavior. Finally, (iv) we
open-source our implementation [10].

Related Works: Several works explore alternatives to
winning strategies [6]—[8], [11]-[13]. In formal methods,
[11] investigates alternative concepts to winning strategies
in qualitative games. They use the notion of admissibility to
define the notion of best-effort (BE). Works [6], [12] focus
on worst-case complexity and propose efficient synthesis
algorithms. The objective of the Sys player is to reach a



goal state and the payoff is binary - reach or not reach. In
contrast, our work considers min-cost reachability games,
where the robot aims to finish task with minimum total cost.

In [7], the notion of admissibility is considered in quan-
titative settings for normal-form games. The focus is on
n-players, and the objective of each player is known a priori.
Under the assumption that every player is playing admissibly,
an admissible strategy is synthesized for all players. In [8],
[13], [14], the notion of admissibility is explored for graph
games with w-regular objectives. In contrast, in our settings,
we focus on objectives that can be accomplished in a finite
time. Importantly, we make no assumptions about the Env
player’s objectives or require them to play admissibly.

Closest to our work is [9]. They extend prior works [6],
[12] on BE synthesis to nondeterministic planning domains.
The objective for Sys player is boolean - reach the goal state
in finite time. We focus on quantitative reachability objectives
that can be accomplished in finite time. Our work builds on
the theoretical results of recent work on admissibility for
quantitative games [15]. They analyze and give necessary
and sufficient conditions for admissible strategies to exist.
We identify and formalize a class of admissible strategies
that are suitable for robotics. We focus on strategies that
mitigate optimism and are efficient to synthesize.

II. PROBLEM FORMULATION

The aim of this work is to enable a robot to do its best to
achieve a complex task in the face of human interventions
using formal reasoning and game theory. In this section, we
formulate this problem by first introducing quantitative games
as abstractions of such interactions, and a temporal logic
specification language that allows expressing tasks formally.

A. Game Abstraction

Definition 1 (2-player Quantitative Game). A two-player turn-
based quantitative game is a tuple G = (V = V,UV,, v9, A =
AgU A, A,C 10, L), where
e V is a finite set of states partitioned into Sys player
states V; and Env player states V,, such that VsNV, = (),
e vg € V is the initial state,
o A is the finite set of actions, where a5 € Ag and a. € A,
are Sys and Env player actions, respectively,
e A:V XA — V is the transition function such that,
for every (vi,a;) € Vi x A;, Avi,a;) € Vj, where
i,j € {s,e} and i # j,
o« C:V x(A;UA,) — N is the cost function such that
C(vs,as) > 0 and C(ve,ae) =0,
e II = {mg,...,mn} is the finite set of task-related
propositions that are true or false, and
o L :V — 2" is the labeling function that maps each
state v € V to a set of atomic propositions L(v) C II
that are true in v.

Every state in the game captures the current configuration
of the robot and objects in the workspace. In Fig. 1, each
state can be uniquely identified by the location of the box and
the end effector status. The edges correspond to physically

viable actions from Sys player states. We note that such
discrete abstractions are common in literature [2], [16]—-[19]
and can be constructed automatically for dynamical systems
and robotic manipulators [20], [21].

Game G, starting from the initial state vg, is played in
turns. We define a play to be a sequence of states P"0 :=
VU102 . . ., Where, for all ¢ > 0, v; € V. Further, we say a
sequence is feasible if for every v; in the play, Ja; € A s.t.
vi+1 = A(v;,a;). A play can be either infinite, denoted by
PY = ygvy ... € V¥ or finite P = vgvy...v, € V*. We
generalize the notation by using P to denote plays that start
from state v € V. Finally, we assume game G is non-blocking,
i.e., there exists at least one action from every state.

For P = wgvivy..., we define trace p to be the
sequence of the labels of the states in P, ie., p =
L(vo)L(v1)L(v2) . .. Intuitively, a trace captures the evolution
of the game (robot’s progress) with respect to a task. As game
G is played between two strategic agents, the choice of action
at each state is given by their respective strategies.

Definition 2 (Strategy). A Sys player strategy o : V*V, —
A is a function that maps a play that ends in V to an action
in As. Similarly, an Env player strategy is 7 : V*V, — A..
The set of all Sys and Env player strategies are denoted by
> and T, respectively.

Strategies that depend only on the last state of plays are
called memoryless, i.e., for every P¥ € V*V,, o(P") =
o(last(P?)), where last(P") € Vj is the last element of Pv.
Strategies that are not memoryless are called finite-memory.

Given o and 7, a unique play P"(o,7) = vovy... is
induced such that, for every ¢ > 0, v;+1 = A(v;,a;), where
a; = o(vgvy ... v;) if v; € Vg, otherwise a; = 7(vovy . .. v;).
We say o is compatible with a play P'" if 37 € T such that
P’ = P¥(o, 7). For every play on G, there is a cost (aka
payoff) associated with that play.

Definition 3  (Total-Payoff [3]). Given strategies
o and T, the vpayoff of play P%(o,7) is
Val(P*(0,7)) = .7~ C(vi,a;), where n. = |P" (g, )|
is the length of P" (o, 7), and a; = o(vgvy ... v;) if v; € Vs,
else a; = T(vouy . .. v;).

Note that payoff is finite for finite plays; otherwise it is infinite.
Also, since the cost of human actions are always zero (see
Def. 1), Val captures the cost (energy) spent by the robot.

B. Robotic Tasks in LTL¢

For tasks achievable in finite time, we use Linear Temporal
Logic over finite traces (LTLy) [22], [23]. An LTL; formula
 is defined over atomic propositions in II with the syntax:

pi=m|opleVe|Op|oUy

where — and V are the boolean negation and disjunction
operators, and O and I/ are the temporal next and until
operators, respectively. We can derive popular temporal
operators eventually (F') and always (G) as Fy = true Y ¢
and Gy = —F—p. The semantics of LTLy is defined over
finite traces in (QH)* (see [24] for more details). We say play



Fig. 2: Manipulation Domain: No path exists from Losing to v;;
aij : v; — v; and a;1, : v; — Losing. Actions ao1 and aos: transit-
grasp blue box ag2: do-nothing, and aor: give-up.

P (o, 7) satisfies formula ¢, denoted by P" (o, 7) = ¢, if
the trace induced by P (o, T) satisfies .

Example 1. Consider the following example from [25]:
“Robot must put pitcher in the dishwasher with lid on, then
either place it in drying-rack or dry it with the towel and
return it to the original location.” It translates to formula:
© = F((paw A piia) A F (par V prower N OF (pio))), where
the atomic propositions are: pq,, (dishwasher), pq, (lid on),
Drowel (towel-dried), pjo (original location).

Given task ¢, the robot should choose a strategy that
results in a p-satisfying play. Strategy synthesis is the process
of synthesizing a winning (enforcing) strategy o such that
PY(o,7) = ¢ for every 7 € T. However, such a strategy
often does not exist, even in simple cases. Thus, we explore
what strategies are apt when winning strategies do not exist.

C. Beyond Winning Strategies: Admissible Strategies

While a winning strategy ensures task completion under
every Env player strategy, such strategies do not always exist.
Recall the example in Fig. 1, where no winning strategy exists
but it is intuitive for the robot to at least ¢ry. To achieve a
desirable behavior, we use the notion of dominance, which
enables a ranking of strategies according to total-payoff.

Definition 4 (Dominance [7], [26]). We say strategy o1 very
weakly dominates o9, denoted o1 > o9, if 01 always does
as well as o9, i.e, Val(P(o1,7)) < Val(PY(02,7)) for
all 7 € 'T. Furthermore, strategy o1 weakly dominates oo,
denoted o1 > o9, if (i) it very weakly dominates oo (01 >~ 03),
and (ii) there exists at least one play under o1 that does strictly
better, i.e., 3t € T s.t. Val(P(01,7)) < Val(P?(o2,T7)).

Intuitively, playing a dominated strategy is sub-optimal as
Sys player could have done better.

Example 2. In Fig. 1, say robot task is: grab a box. Let
o1 be transit from initial state and grasp and oo be same
as o1 except the robot grasps from side. Here o1 > 02
as o1 does as well as o9 and sometimes better. Under o,
Val(P" (02,7)) = oo V7 € T. But, 3t € T such that
Val(Pv(01,7)) < o0 for o1.

We say a strategic agent must always play non-dominated
(aka admissible) strategies.

Definition 5 (Admissible Strategy [7]). A Sys player strategy
OAdm € 2 is called admissible (Adm) if it is not weakly
dominated by any other Sys player strategy.

Admissible strategies are attractive as they always exist
[14], [15]. Prior approaches that explore admissibility in
game theory assume that both players have their respective
objectives and are playing admissibly [7], [27]. We relax
this strong assumption (i.e., knowledge of human’s objective)
while still viewing human as a strategic agent. The human can
behave adversarially, cooperatively, or somewhere in between.
In our setting, we desire the robot to play admissibly and
strategically choose actions towards accomplishing its task
while still allowing room for cooperation whenever possible.

Example 3 (Admissibly Rational). In Fig. 2, the robot is
tasked with building an arch (vr). Let o1(...vy) = aoy, and
oa(...v0) = aps. Under o1, robot is not doing its best and
hence is not admissible. While o4 is admissible, it is not a
strategic choice. A rational strategy would be o3(vg) = ap1
and 03(v4) = ays, i.e., commit to agy and ays as they ensure
there always exists path to v; and open for cooperation.

We define an admissible strategy as rational if it ensures
task completion when possible, while actively seeking cooper-
ation. In cases where task completion cannot be guaranteed,
an admissibly rational strategy should at least ensure no
violation to the task and the existence of a satisfying play.
If even this is not possible, the robot should adopt a hopeful
approach, which assumes that the Env player does not
consistently take the worst actions. These are called hopeless
strategies. Thus, playing hopefully means the robot assumes
the Env player is not behaving hopelessly, and in response,
the robot selects admissible strategies optimal under the worst-
case scenario. In this work, we seek such a robot strategy.

Problem 1. Given robot game abstraction G and an LTL;
task formula , synthesize an admissibly rational strategy o,
which adheres to the following prioritized objectives: (O1)
achieves ¢ while seeking cooperation, (O2) if (O1) is not
possible, ensures no violation to o (safety) with the possibility
of achieving o, and (O3) if neither (O1) nor (O2) are possible,
optimize for the worst case payoff under the assumption that
the Env player is not acting hopelessly.

Below, we define two notions of admissibility that formalize
the desired characteristics of an admissibly rational strategy.
We give synthesis algorithms to solve Problem 1, and show
that the algorithms are sound and correct. All the proofs are
in provided in the extended version [28].

III. ADMISSIBLY-RATIONAL DFA GAMES

The standard strategy synthesis involves three steps: transla-
tion of the specification into a Deterministic Finite Automaton
(DFA), composition of the abstraction with the automaton
(DFA Game), and computation of a strategy. We first briefly
show how to construct the DFA game and then focus on how
to compute admissibly rational strategies on this game.

A. Overview of DFA Games

For every LTL; formula ¢, a DFA A, can be constructed
that accepts precisely the traces that satisfy ¢ [9]. DFA A, is
atuple A, = (qo,Q,T,d,,Qf), where Q is a finite set of



states, qo € @ is the initial state, I' = 21 is a set of symbols,
dp, : @ xI' = @ is the deterministic transition function,
and Q¢ C @ is a set of accepting states. A trace p € I'*
is a finite sequence of symbols in I'. Trace p = p1p2...pn
induces a run goqi - . . ¢n, Where ¢; 11 = 0,(¢;, piy1) for very
0 <7 < n. Trace p is accepted if the last state of its induced
run is in Q. DFA A, captures all possible traces that satisfy
¢, called the language of ¢ or A, [22], [24].

Composing A, with G results in a DFA Game that models
all possible ways a robot can interact with the human while
simultaneously capturing the status of the task completion.

DFA Game: A DFA Game is defined as P = G ® A,
where ® is the composition operator. The resulting product is
agame P = (S =V xQ,so, A= AUA., ép,C, Sy), where
A, A, and A, are the same as Def. 1. S is the set of states
partitioned into Sys S; = V; x@Q and Env S, =V, x @ states,
and initial state sy = (vo, d,(qo, L(v0))). op : S x A — S
is the transition function such that, for s = (v,¢) and s’ =
(v',¢"), 8 =6p(s,a) if v/ = A(v,a) and ¢’ = d,(g, L(v)).
The cost function C' is defined based on G as C((v,q),a) =
C(v,a), and Sy =V x Qy is the set of accepting states.

The notions of strategy, play, and payoff extend to P from
G. A play in P terminates only when it reaches Sy. Since a
feasible play on P is constructed from dp, its projection onto
DFA A, is a valid run of A, and its projection onto G is a
feasible play. Therefore, the problem of computing a winning
strategy for task ¢ on G reduces to finding a Sys strategy
on P that guarantees every play reaches an accepting state
in S; under every Env strategy [20].

Next, we define two classical notions in game theory for
a reachability objective and show how their synthesis is a
central element in synthesizing admissibly rational strategies.

B. Cooperative and Adversarial Games

As LTL; specifications can be satisfied in finite time, all
plays induced by a winning strategy o are finite, and hence
their corresponding payoff is finite, i.e., Val(P% (o, 7)) <
oo Vr € T. We define an optimal winning strategy as a
winning strategy that achieves the best worst-case outcome.

Definition 6 (Optimal Winning Strategy). A Sys player
strategy o* € X at state s € S is optimal winning if it
is (i) winning, ie., Val(P*(c*,7)) < oo for all 7 € T,
and (ii) has the lowest worst-case payoff value, i.e., c* =
arg min, .y, max, et Val(P*(o, 7)). The value secured by o*,
i.e., max e Val(P*(0*, 7)), is called the worst-case optimal
(WCO) value.

In a cooperative game, the reachability objective of the
Sys player and Env player are the same.

Definition 7 (Optimal Cooperative Strategy). An opti-
mal cooperative strategy o* from state s is an opti-
mal strategy when both players are playing cooperatively,
ie, 0 = argmin,cy min;ey Val(P*(o,7)). The value
min,ct Val(P*(c*, 7)) is called the cooperative optimal
(Co-0p) value.

We denote by ¢Val® and aVal® the optimal cooperative and

Algorithm 1: Cooperative Game
Input :DFA Game P
Output: cVal, X,,, Yco-0p

1 forall s € S do W (s), W'(s) < 00; Xco-0p(s) < 0;

2 forall s € Sy do W(s) « 0;

3 while W’ £ W do

4 W' =W //s' is the successor state

5

6

W(s) =min(C(s,a) + W'(s")) Vse S\ Sy
Yco-0p(s) =

argmin, (C(s,a) + W'(s"))
7 forall s € S\ Sy do
8 | if W(s') < W(s) then
9 Yra(8) =Zra(s)U{a: 8" =0(s,a)};
o return cVal := W, ¥,,, Yco-0p

Vs € S,\ Sy

—

adversarial (worst-case) values for state s, respectively. For
strategy o, the cooperative and adversarial values are defined
as c¢Val’(oc) = min,er Val(P*(o,7)) and aVal®’(o) =
max et Val(P?(o,7)). The optimal state values naturally
partitions S into three subsets of winning region Sy;n, losing
region Si,s, and pending region Sy, where

{s € §:aVal® < o0}, if ¢ = win
S; = ¢ {s € S5 :aVal® =cVal’ = oo}, if i = los
{s € §:aVal® = co,cVal’ < 00}, if i =pen

Note that these regions are disjoint sets such that their union is
the set of all states S, and their pairwise intersection is empty.
Next, we formally define strategies that capture the desirable
characteristics for a strategy to be admissibly rational.

C. Admissibly-Rational: Winning whenever possible

We know that a winning strategy has the desirable property
of enforcing a visit to Sy from all states in the winning region.
Unfortunately, not every winning strategy is admissible. From
[15, Lemma 3], a subset of winning strategies, precisely Worst-
case Cooperative Optimal (W Co-Op), are always admissible
from the states in Sy;,. A strategy o is WCo-Op if it is
worst-case optimal and has the lowest cVal among all such
strategies, i.e., if the Env player cooperates, this is the most
optimal strategy among all winning strategies.

Definition 8 (WCo-Op). Strategy o is Worst-case Cooper-
ative Optimal if, for all Sys player states s € S, aVal®(o) =
aVal® < oo and c¢Val®(o) = min{cVal®(0) | 0 € Zwco},
where Ywco is the set of all WCO strategies with finite
adversarial value.

Next, for the states that do not belong to the winning region,
we synthesize an admissible strategy where Sys plays safely,
i.e., guarantees no violation of .

D. Admissibly-Rational: Safe whenever you can
At every Sys player state in the pending region Spe,, every

action is admissible as shown by the following lemma.

Lemma 1. Given DFA game P, every action as € Ay at every
state s € Spen, N Ss belongs to a finite-memory admissible
strategy if 0p(s,as) € Spen.



Proof. We first show that any Sys player action from states in
the pending region that the transition to Env player state in the
losing region does not belong to an admissible strategy. Next,
we will show that all Sys player actions that transition to
states in the pending region belong to an admissible strategy.
Finally, we show that all such actions belong to a finite-
memory strategy.

By construction, for all states in the losing region c¢Val® =
aVal® = oo and in the pending region cVal® < oo and
aVal® = oco. From [15, Thm. 3], the necessary and sufficient
conditions for a strategy o to be admissible is

(cValh(U) < aValh) v
(aVal" = aVal" (o) = cVal"(0) = acVal" ).

(1a)
(1b)

Here h is a finite prefix of a play P°. The definitions
for strategies, cVal, and aVal, are appropriately defined over
history h. See [15] for full definitions.

For Sys player action as € A, from s € Spe,, NS5 such
that s = 0p(s,as) and ' € Sjs, the cVal® # oo and
cVal® = oo. Thus, it violates Eq. (1) as c¢Val® # aVal®
and aVal® = aVal® = cVal® # ¢Val® for h = s and §' =
dp(s,0(s)). Note that acVal® is the minimum cooperative
value from all worst-case optimal strategies from state s and is
equal to c¢Val® for states in the pending region. Thus, actions
as that transition to s’ € Sj, are not admissible.

Next, we consider Sys player action a;, € A; from s €
Spen N Ss such that 8" = dp(s,as) and s' € Spe,. For such
actions cVal® # 0o and cVal® # oo and aVal® = aVal® =
oo. Further, for any history i of P%° = sys1s ... s, such that
§j € Spen for all 0 < j < n; in Eq. (1), cVal"(¢) < aVal”
where 0 = {a, : s’ = dp(last(h),as) A s € Spents
is trivially satisfied, as cVal"(0) # oo and aVal" = oc.
Intuitively, under every action as, there exists a path to the
goal state if the Env player cooperates and there always exists
an Env player strategy that ensures a play never reaches a goal
state. Thus, every action a4 belongs to admissible strategy
as they satisfy Eq. (1a).

Finally, from [15, Corollary 1], we conclude that every
action a, belongs to a finite memory strategy as memoryless
strategies are not sufficient for admissibility. Thus, every
action a, € A, at every state s € Spen, N Ss belongs to a
finite-memory admissible strategy if dp (s, as) € Spen. O

We say a strategy is safe, denoted by ogafe, if every play
under o visits only states in Sper, U Syir. Intuitively, such a
strategy ensures that ¢ is not violated. For example, in Fig. 2,
Osafe at vy and vy chooses age and ays, respectively. However,
these strategies do not guarantee the possibility of reaching
S¢. To ensure the robot could progress towards Sy while
being safe, we define safe admissible (SAdm) strategies.

Definition 9 (SAdm). For all s € S, a strategy is Safe
Admissible, denoted by ogadm, If it is safe and admissible,
and at least one play under csadam reaches Sy, i.e, I € T
and 3s' in P*(0sAdm,T) s.t. s € Sy, and V1 € T and Vs’
in P°(0sadm,T), 8 ¢ Sios-

Algorithm 2: Admissibly Rational Synthesis

Input :DFA Game P

Output : X Agm-Rat Strategy

cVal, X4, Xco-0p ¢ CooperativeGame(P)

Ywco ¢+ AdversarialGame(P)

Spens Swin, S10s < As per Sec. 1II-B

if 59 € Swin then return Ywco.op — Def. §;

if so € S;,s then return X;

YsAdm < SafeAdmGame(P, Xrq, Sios, Spen)

if ¥sAdm(s) # 0 Vs € Spe,, then return

Y Adm-Rat < XYWCo-Op © LSAdm}

/+ HAdm strategies */
8 YHAdm “— AdversarialGame(PZAdm’THF)
9 return Yadm-Rat < YWCo-Op © LSAdm © ZHAdm

N AW N -

The following lemma shows that, unlike admissible strate-
gies, a SAdm strategy does not always exist.

Lemma 2. Given DFA Game P, for all s € Spen, a safe-
admissible strategy does not always exist.

Proof. Tt is sufficient to show a counterexample. Let us
assume ogadam always exists, i.e., s adm (vo) # 0. We begin
by noting that memoryless strategies are sufficient for safety
games [29, Thm. 1]. In Example 2, Ygafe(vo) = {ao2} and
YSafe(v4) = {aqs} as under this strategy, there does not exist
an Env player strategy 7 € T such that P* (0, 7) Vo € Ygafe
reaches a losing region.

From Lemma 1, we know that every action from s €
Spen belongs to an admissible strategy. For Example 2, a
strategy o(vg) = ag2 (commit to agy) is not admissible
as under this strategy a play never reaches the goal state
vy, i.e., cVal™ (o) = aVal(0) = oo and aVal”™ = oc.
For any strategy ¢’ such that o'(vg) # o(vg), o/ = o as
there exists a play to goal state, i.e., cVal”(¢’) < oo and
cVal” # ¢Val" (o). Furthermore, any strategy the chooses
agz finitely many times before committing to ap3 or agy
is also admissible. Thus, 0 ¢ Yaam. Hence, we have
USAdm(UO) = Y Adm (’Uo)ﬂzsafe (’Uo) = () which violates our
assumption. Thus, SAdm strategy does not always exist. []

Consider the example in Fig. 2 again. While a og,ge exists, a
SAdm strategy does not since at vg the only safe action is
apz but it does not allow a path to Sy = {v7}. The synthesis
of SAdm strategies can be done in two stages (see Sec. IV).

E. Admissibly-Rational: Hopeful with Env assumption

In cases that SAdm strategies do not exist, we are left with
few choices. To ensure the robot still attempts to achieve its
task, we synthesize worst-case optimal strategies by assuming
that the Env player does not choose a hopeless strategy.

Definition 10 (Hopeless strategy). Given DFA game P, for
all s € Spen, a strategy T, € T is hopeless if under every

o €3, 3s" in P*(0,1,,) such that s' € Ss.

An Env strategy that is not hopeless is called hopeful,
denoted by by 7. Ty is the set of all such strategies.



Algorithm 3: Safe Admissible Synthesis

Input :DFA Game P, 2,4, Sios, Spen

Output: SAdm strategy
1 Ygafe < SafetyGame(P, S\ Sips)
2 forall s € S, do
3 if Xgate(s) N Xra(s) # ( then

‘ ESAdm(s) = ESaufe(s) N Era(s)

return Xsadm, SSAdm
/* Safety Game over P */
Function safetyGame (P, S¢):

6

7 X Sf;X/ +— 0

8 while X' = X do

9 X'+ X

10 forall s € X do

11 if s € S5 then

12 if Ja : d(s,a) € X then

13 | Ssate(s) < {a:d(s,a) € X}
14 else X \ {s};

15 else if Ja : 0p(s,a) ¢ X then X \ {s};
16 return Xg,s.

Definition 11 (HAdm). A strategy cgAdm € 2 is hopeful
admissible, if it is (i) admissible and (ii) worst-case opti-
mal under hopeful Env strategies in THF, i.e, CHAdm =

argming ey, maxrer,  Val(P*(o,7)).

HAdm strategies are attractive because they always exist.

Lemma 3. Given DFA Game P, a hopeful-admissible
(HAdm) strategy always exists.

Proof. Using the results of [30, Thm. 1], we show that the
value iteration algorithm on P will always converge after
finite iterations to a fixed point. Then, using [30, Corollary
18 and Proposition 19], we prove that witnessing strategies
for WCO always exists.

[30, Corollary 18] is the proof for the existence of finite
memory strategy for Sys player when the values of every
state, after running the value iteration algorithm, are finite,
i.e., not +co. When the weights in P are non-negative, we
can compute witnessing optimal memoryless strategies for
WCO and Co-Op [31]. We note that, in winning and losing
region, Ty, = ) = T, = T and in pending region
Ty €T = Ty # () as there must exists at least
one path to the goal state. Thus, T ;. is never empty. From
[15, Thm. 3], we have that X aqm(s) # 0 Vs € S thus
OHAdm = argmin,cy,, maxrer, . Val(P*(o, 7)) # 0.

If s € Syin, then Sys player is the Sys player’s winning
region. From [15, Thm. 3], we know XA 4gm can be classified
into SC and WCo-Op as they are necessary and sufficient
conditions. By definition, WCo-Op # WCO i.e., not all
WCO strategies are always admissible [15, Lemma 3]. Thus,
Y Adm C 2. By construction, only WCo-Op strategies are
worst-case optimal and admissible, i.e., ¥ Adm = XwcCo-0p
in the Sys player’s winning region. Thus, YXgadm =
argmin, ey, maxrer, Val(P*(0,7)) = Zwco-0p-

If s & Syin, then Sys player is “trapped,” and there does
not exist a winning strategy that enforces reaching a goal

state from state s. From such states, aVal®(0) = co Vo € %.
If s € Spen, then an optimal memoryless strategy o exists
which is Co-Op such that cVal®(o) < co. If s € Sj,s then
cVal®(0) = aVal’ (o) = oo by definition and thus under no
strategy for Sys and Env player can the plays ever reach a
goal state. Thus, a worst-case optimal strategy for Sys player
picks an action indifferently when it is not in the winning
region. ]

Thus, using the notion of WCo-Op, SAdm, and HAdm,
we can construct an admissibly rational (Adm-Rat) strategy.

Definition 12 (Adm-Rat). For DFA Game P, for all s € S,
an admissibly rational strategy Adm-Rat is defined as

OWCo-0p(8) if 5 € Swin
o Admitat () 0SAdm(S) ifs€ Spe: A
cVal®(ogadm) < o
OHAdm(S) otherwise.

By definition, every action at every state in the losing region
Sios 18 part of an admissible strategy and is worst-case optimal.
From Lemma 3 and [30, Proposition 19], an Adm-Rat
strategy always exists. Further, using [30, Thm. 1], we can
show that optimal winning and cooperative strategies always
exist and a witnessing strategy can always be synthesized.

Corollary 1. Adm-Rat always exists, and o0 Adm-Rat can
always be computed.

IV. SYNTHESIS FRAMEWORK

Here, we present an algorithm for synthesis of 0 Adm -Rat-
The algorithm is based on four fixed-point computations, one
for each owco, 0Co-0p> TSAdm, CHAdm- Specifically, Alg.
1 is a Value Iteration based algorithm for Cooperative Games,
and Alg. 2 is for the computation of Adm-Rat strategies.

Alg. 1 computes optimal cVal and optimal strategy from
every state in P [30]. Lines 3-5 correspond to fixed-point com-
putation when the Env player is cooperative. The While loop
terminates when the values of the states have converged, i.e.,
W' =W, where W is a state vector with optimal cVals for
every state. For synthesis of (reachable) admissible strategies,
under which at least one play can reach Sy, we iterate through
every state s and choose/ actions corresponding to successor
states s’ such that cVal® < cVal®. As C(s,as) > 0, at least
one successor state always exists. Intuitively, cVal® < cVal®
implies that s’ is “closer” to a goal state. Thus, any play
induced by reachable admissible strategy (ra) gets closer to
Sy at every step [32]. Thus, synthesis of ra strategies can
be combined with cVal computation with minimal overhead.

In Alg. 2, we first play Cooperative and Adversarial Game
and compute owco and oce-op along with X,,. For the
Adversarial Game, W (s) computation can be split into min
and max operation at Sys and Env player states, respectively
(See [30] for details). If sg € Syin, We compute owco-op
as per Def. 8 and return it. If sg € S5, then all actions are
admissibly rational and belong to oA dm-

To compute ogadm, we first compute Xg,s by playing
a Safety game. Synthesis of g, is a greatest fixed-point



operation, for which efficient algorithms exist [24]. Note that
Ysafe and X, respectively, compute the the set of all Safe
and reachable admissible actions at state s € Spe, N Ss.
Finally, 0sadm(5) = £ra(5) N Lsate(s) for all s € Spep. If
0sAdm(s) = 0, we compute cgaam. We first compute the
minimal set of Env player actions A such that restricting
the Env to a € A, \ Ay, gives a maximal T\,.. Further, we
remove Sys player actions ag s.t. 0p(s,as) € Sjps (as they
are not admissible) and play an adversarial game to compute
OHAdm- We compose these strategies per Def. 12 to obtain
OAdm-Rat-

Theorem 1 (Sound and Complete). Alg. 2 returns the set of
all Adm-Rat strategies and has polynomial time complexity.

Proof. Alg. 1 is the Value Iteration algorithm for computing
optimal cVal and optimal ¥ce-op Strategy from every state in
‘P [30]. Computation for Adversarial Game is similar to Alg.
1 Lines 3-5 where at Env states W (s) is defined as max(-).
Thus, Cooperative and Adversarial games are Polynomial in
|S] [30, Thm. 3]. We note that the framework in [30] is for
the general case where the cost can be negative, which can
lead to “negative cycles”. In the absence of negative weights,
optimal memoryless strategies are sufficient for both players
in Cooperative and Adversarial Games [31].

For WCo-Op computation, we iterate through all states
once and compute owco-op as per Def. 8. Safety Game
in Alg. 3 is based on greatest fixed-point computation and
the worst-case complexity is known to be linear time in |S|
[29, Thm. 1]. Further, in Alg. 3, Lines 2-4 corresponding
to SAdm computation terminate in polynomial time. Thus,
Alg. 2 corresponding to Adm-Rat computation runs in
polynomial time.

In Alg. 1, argmin in Yco.0p computes the set of all
actions for Sys player. The correctness and soundness of this
algorithm is established in [30], [31]. The proof naturally
applies to Adversarial Games. Alg. 3 computes the set of all
Safe strategies. The soundness and correctness are established
in [24], [29], [33]. Computation of ., is the same as the
computation of maximally permissive non-deferring strategies
in [32]. [32, Thm. 4] proves the soundness and correctness.
Thus, Alg. 1 computes the set of all Co-Op (and similarly
WCO), and X,,. Alg. 3 computes the set of all Yg,s.. Thus,
computation of owco-op as per Def 8, 0sadam as per Def 9,
and oprAam as per Def 11 gives the set of all strategies. Thus,
Alg. 2 computes the set of all Adm-Rat strategies. ]

A. Computation of Maximal Hopeful Strategy Set T,

To compute the set of all hopeful strategies, we need to
identify the minimal set of T, . To compute such a set, we
look at Env player state in s € Spen, N Se and check if Jas
such that dp (s, a.) € Sjps. If no such transition exists, then
Ty = () as there does not exist a Env player strategy to
force a play to Sj,s. If such transitions exist, then we add
then to a T, . Intuitively, we are looking at the states where
the Env player has the choice to commit to being hopeless

and restrict the Env player from playing such strategies. It

Fig. 3: Initial setup (Left). There exists HAdm from so in white
and SAdm in red after grasping. See suppl. video.

TABLE I: Abs. size & Syn. time (s): averaged over 10 runs.

VT 4] [ST [0,] WCo-Op Co-Op SAdm HAdm
PP Dom. 11272 47220 22545 94297 13.77 24.48 0.29 13.52
TTT(p1) 5478 16167 5479 17038 5.63 6.13 0.07 5.63
TTT(p2) 5748 16167 5479 17038 5.94 597 - -

is straightforward to see that such computation is sufficient
to ensure that T\ Ty, will give us T, strategies.

V. EXPERIMENTS

We illustrate the emergent behavior when the robot plays
admissibly rational on two case studies. Table I reports
the size of G, P and synthesis times for various strategies.
Our synthesis tool is publicly available on Github [10]. See
supplementary material for more experiments.

Pick-and-Place Domain [3]: Consider the manipulation
domain in Fig. 3. There are three objects, By, B1, B2. The
human can intervene and move objects within region R; =
{Lo,L1,Ls} and Ry = {Lg, L7, Ls, Lo }. Location Lg is out
of robot’s reach. Once the human moves an object to Ly, it
cannot be returned. The task is to dry B; in location Lo or
Lg then place By at Lg and By at L7 or By at L1 and By at
Ly. The LTL; formula is ¢ = F((p1g V p12) A OF ((p2o A
p11) V (p16 A po7))) where p;; is B; placed at L.

Using our tool, we synthesized a 0 Adm-Rat- NOte that a
winning strategy does not exist as the human can always
intervene. The initial state belongs to the pending region
and osaam(so) = 0 as the human has a strategy to
move B; to Lg. Hence, the robot initially plays hopefully
(CAdm-Rat(50) = 0HAdm(S0)) and transits to By and grasps
it. Once the grasp is complete, a safe-admissible strategy
exists (i.e., 0Adm-Rat = 0OSAdm), and hence the robot can
guarantee no violation to ¢ thereafter. Next, the robot moves
By to L,. This ensures that a path always exists to a goal state.
From here on, the robot seeks an opportunity to complete
the task. We note that ogadm(So) also includes the action
of going to By, which is optimistic that the human player
will move B; to Lg.

This case study shows that Adm-Rat strategies result
in reasonable (and arguably human-like) behaviors when
winning strategies do not exist. Specifically, Adm-Rat is
most effective when a SAdm strategy exists. However, if
Adm-Rat must resort to HAdm due to the absence of a
SAdm strategy, overly optimistic behaviors may occur.

Tic-Tac-Toe (TTT) from [34]: Unlike the manipulator
domain, TTT is naturally competitive. Additionally, TTT’s
game arena is a tree-like structure. Thus, the Sys player
cannot exploit cycles to “stay” in the pending region. We
consider two specifications: “eventually win” (¢; = F win),
and “eventually win or draw” (w2 = F(win V draw)).
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Fig. 4: Blue and Pink are Sys and Env actions. (a-d) current status,
(b-e) and (c-f) illustrate oadm-Rat fOr @1, 2. (a-c): Sys plays
first; (d-f): Env plays first. (e-f): The numbers indicate time step.

(a) (b)

1 = Fwin. For this task, no winning strategy exists
from sg. Although Safe strategy exists, SAdm does not exist
from any state since a “draw” state is a violation of ¢;. But,
OHAdm from sq exists. Fig. 4(a) is the game status when Sys
goes first and (b) shows o aam actions. Under oA dm, SYS
is choosing WCO while being hopeful - the robot markers
are strategically placed to win the game. The aVal of all
states reachable under ogradm in the hopeful game are finite,
and thus o is WCO and taking longer paths which eventually
end in “draw” states. When Env goes first (Fig. 4(d)), Sys is
overly optimistic. The aVal of some states reachable under
OHAdm 18 00. Thus, for states with aVal® = 0o, CHAdm
choose actions indifferently. In 4(e) Env places a marker in
the middle. For Sys, almost all available moves are HAdm
and cannot enforce reaching “win”. Thus, Sys is optimistic
and hopes the Env will make a mistake.

p2 = F(win V draw).  For this task, a owce-0p Strat-
egy exists from the initial state. The Sys player under
WCo-Op can always enforce at least a “draw” and par-
ticularly chooses actions that could win (Co-Op) as quickly
as possible (Fig. 4(c)). A Winning strategy ensures always
drawing and does not strategically choose to reach “win”
states as these are not Co-Op. Thus, in Fig. 4(c), Sys does
not place marker on the bottom right. When Env player goes
first (Fig. 4(d)), Sys is trying to force Env to make a mistake
so as as to enforce drawing while the Co-Op attribute will
try to win if possible. In Fig. 4(f), Sys places its marker in
one of the corners. This allows room for error for Env. Thus,
if Env makes mistakes, Sys wins the game else the game
draws. The choice of the specification dictates what types of
behavior Sys player exhibits and the level of optimism.

Specifications that are too strict (1) may exhibit either
strategic or too optimistic behaviors. More flexible specifica-
tions (2) can lead to more balanced and realistic strategies.
Thus, Adm-Rat captures nuanced strategic behaviors, such
as forcing opponents into mistakes or playing defensively
while looking for opportunities to win.

VI. CONCLUSION

This paper explores what the robot should do when a
winning strategy does not exist. We define admissibly rational
strategies and provide algorithms for synthesis. Unlike the
prior approach, synthesis can be reduced to classical fixed-
point based computation. We discuss the emergent behavior in
competitive and non-competitive games. Future work should
explore mitigating optimism for the robot in the pending
regions and explore symbolic variants for faster computation.
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